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ON THE EXTREME NON-ARENS REGULARITY OF
BANACH ALGEBRAS
M. FILALI AND J. GALINDO
Abstract. As is well-know, on an Arens regular Banach algebra all
continuous functionals are weakly almost periodic. In this paper we show
that ℓ1-bases which approximate upper and lower triangles of products
of elements in the algebra produce large sets of functionals that are not
weakly almost periodic. This leads to criteria for extreme non-Arens
regularity of Banach algebras in the sense of Granirer. We find in par-
ticular that bounded approximate identities (bai’s) and bounded nets
converging to invariance (TI-nets) both fall into this approach, suggest-
ing that this is indeed the main tool behind most known constructions
of non-Arens regular algebras.
These criteria can be applied to the main algebras in harmonic anal-
ysis such as the group algebra, the measure algebra, the semigroup al-
gebra (with certain weights) and the Fourier algebra. In this paper, we
apply our criteria to the Lebesgue-Fourier algebra, the 1-Segal Fourier
algebra and the Figa`-Talamanca Herz algebra.
1. Introduction
In [2], Richard Arens extended the product of a Banach algebra A to
its second dual A˚˚ in two different, but completely symmetric, ways, both
making A˚˚ into a Banach algebra. The way these products are defined
makes them one-sided σpA˚˚,A˚q-continuous, but each of them on a differ-
ent side. As it turned out, on some algebras these extensions yield the same
product but on others two genuinely different multiplications are obtained.
Banach algebras thus could be divided in those with a single Arens prod-
uct, called Arens regular, and those with two different Arens products, called
non-Arens regular or Arens irregular. All C˚-algebras can be counted among
the former (in the bidual of a C˚-algebra both Arens products coincide with
the operator multiplication of the enveloping von Neumann algebra, see [7,
Theorem 7.1]). But Arens himself proved in [2] that the convolution semi-
group algebra ℓ1 is not Arens regular, and neither is the group algebra L1pGq
for any infinite G, as proved by Young in [41] about twenty years later. With
important examples to be found on either side, it is clear why the problem
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of finding conditions for these two products to be the same has attracted
the attention of many researchers ever since.
The crucial fact, when dealing with Arens regularity, is that all the Banach
algebras A have in common the space WAPpAq of weakly almost periodic
functionals. Due to Grothedieck’s double limit criterion satisfied by these
functionals, WAPpAq is precisely the subspace of A˚ where the two Arens-
products agree, see [36]. So when A˚ “ WAPpAq, there is only one Arens
product, which is therefore separately σpA˚˚,A˚q-continuous.
This explains why it is natural to measure the degree of non-Arens reg-
ularity of an algebra A by the relative size of WAPpAq with respect to A˚,
i.e., the size of the quotient space A˚{WAPpAq. The extreme cases appear
when this quotient is trivial, i.e., the algebra is Arens regular, and when
A˚{WAPpAq is as large as A˚. The algebras with this latter property were
termed extremely non-Arens regular (enAr for short) by Granirer, see [25].
Non-Arens regularity may also be measured by the degree of defect of the
separate σpA˚˚,A˚q-continuity of Arens products. In the extreme situation
(i.e., when separate σpA˚˚,A˚q-continuity of the product in A˚˚ happens
only when one of the elements in the product is in A), Dales and Lau called
the algebra A strongly Arens irregular (sAir for short), see [9]. It may be
worthwhile to note that the properties enAr and sAir do not imply each
other, examples distinguishing the two concepts can be found in [30]. Natu-
ral examples of algebras which are enAr but not sAir, can be obtained from
Remark 5.8 and Corollary 5.9 at the end of the paper. In these examples,
the Fourier algebra ApGq even satisfies a reinforced version of extreme non-
Arens regularity, as the quotient ApGq˚{WAPpApGqq contains an isometric
copy of ApGq˚, see our forthcoming paper [14].
After a section with preliminaries, our first main theorem (Theorem 3.9)
pinpoints quite precisely the natural conditions under which a general Ba-
nach algebra is enAr, namely the existence of an ℓ1-base that approximates
upper and lower triangles. With this theorem, not only most (if not all) of
the known cases of non-Arens regular Banach algebras A are proved to be
so, but in many cases the algebra is proved to be enAr. Once an ℓ1-base
with cardinality η is constructed in A, a copy of ℓ8pηq will appear in the
quotient space A˚{WAPpAq, and when η equals the density character dpAq
of A, this leads to the algebra being enAr.
These ideas have certainly come up, at least in part, in previous works in
special cases. The upper and lower triangles made of elements in discrete
groups and semigroups are quite apparent particularly in [3], [8] and [39].
The first applications of Theorem 3.9 come in Section 4 where we show
how both bounded approximate identities (bai ’s for short) and bounded
nets convergent to invariance (TI-nets) can be used to link the conditions
in Theorem 3.9 and the non-Arens regularity of the algebra. It may be
worthwhile to note that bai’s and TI-nets are opposite to each other in
the sense that while one measures non-Arens regularity locally, the other
measures it at infinity. In the familiar case of L1pGq, a bai could be used
whenever G is non-discrete and a TI-net when G is not compact, while in
the Fourier algebra ApGq, with G additionally amenable, the roles of bai
and TI are reversed.
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We next tackle the application of Theorem 3.9 to the algebras of harmonic
analysis related to the Fourier algebra. The Fourier algebra ApGq, and more
generally the Figa`-Talamanca Herz algebras AppGq, and the Segal algebras
defined on L1pGq XApGq, with norm }f}S “ }f}L1 ` }f}ApGq are studied.
On the linear space
`
ApGq X L1pGq, } ¨ }S
˘
two different Segal algebra
structures will be considered. Following [20] the Segal algebra over ApGq
that is obtained after equipping ApGq X L1pGq with pointwise product will
be denoted by S1ApGq and called the 1-Segal Fourier algebra. The Segal
algebra over L1pGq obtained when convolution is used as multiplication will
be denoted by LApGq and referred to as the Lebesgue-Fourier algebra. Arens
regularity of these Segal algebras was studied by Ghahramani and Lau in
[21] and [22]. In [22, Theorems 5.1 and 5.2], they proved that S1ApGq is
Arens regular if and only if G is discrete. The necessity of discreteness shall
follow immediately from our Theorem 4.6, and will be improved further by
showing that the quotient space S1ApGq˚{WAPpS1ApGqq is at least non-
separable when G is non-discrete. In particular, this implies that S1ApGq is
enAr when G is non-discrete and second countable, see Theorem 5.4.
Ghahramani and Lau proved further in [22, Theorem 5.1] that the convo-
lution algebra LApGq of a unimodular group is Arens regular if and only if
G is compact. Again using Theorem 3.9, this theorem shall be strengthened
in Theorem 5.5 by disposing of the unimodularity condition on G and by
showing that the quotient space LApGq˚{WAPpLpGqq has ℓ8pκpGqq as a
quotient whenever G is non-compact. It is then immediate that LApGq is
enAr when in addition G satisfies κpGq ě χpGq, where κpGq is the compact
covering of G and χpGq is its local weight of G.
Concerning the Figa`-Talamanca Herz algebra, Forrest proved in [18, The-
orem 3.2] that AppGq is non-Arens regular when G is not discrete and also
when AppGq is weakly sequentially complete (this is always true if p “ 2) and
G contains a discrete and amenable open subgroup. With the help of The-
orem 3.9, a copy of ℓ8 is found in the quotient space AppGq
˚{WAPpAppGqq
whenever G is either non-discrete, or discrete with an infinite amenable sub-
group (assuming that AppGq is weakly sequentially complete in this second
case). We deduce in particular that AppGq is enAr when G is either a non-
discrete second countable group, or a discrete countable group containing
an infinite amenable group and p “ 2.
2. Preliminaries and definitions
Let A be a Banach algebra and let A˚ and A˚˚ be its first and second Ba-
nach duals, respectively. In his paper [2], Arens defined two multiplications
in A˚˚. To define these multiplications, consider first the following actions
of A and A˚˚ on A˚. For every µ, ν P A˚˚, f P A˚, and ϕ, ψ P A,
xfϕ, ψy “ xf, ϕψy xϕ.f, ψy “ xf, ψϕy (actions of A on A˚)
xνf, ϕy “ xν, fϕy xf.µ, ϕy “ xµ,ϕ.fy (actions of A˚˚ on A˚).
The multiplications µν and µ.ν are then defined as
xµν, fy “ xµ, νfy xµ.ν, fy “ xν, f.µy.
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Arens [2] proved that these products make A˚˚ into a Banach algebra that
contains A as a subalgebra. When these two products coincide, the Banach
algebra A is said to be Arens regular.
In [36], Pym considered the space WAPpAq of weakly almost periodic
functionals on A, this is the space of all elements f P A˚ such that the left
orbit
Lpfq “ tfϕ : ϕ P A, }ϕ} ď 1u
or, equivalently, the right orbit
Rpfq “ tϕ.f : ϕ P A, }ϕ} ď 1u
is relatively weakly compact in A˚. He proved that A is Arens regular if
and only if WAPpAq “ A˚, i.e., when the quotient A˚{WAPpAq is trivial.
For more information, the reader is directed to [9], [16].
To describe the other end, Granirer [25] introduced the concept of extreme
non-Arens regularity.
Definition 2.1. A Banach algebra A is extremely non-Arens regular (enAr
for short) when A˚{WAPpAq contains a closed subspace which has A˚ as a
quotient.
So far, the Banach algebras known to be enAr are: the group algebra
L1pGq for any infinite locally compact group [13] (some particular, but
important, cases were previously proved in [4, 25]), ℓ1pSq for any infinite
discrete cancellative semigroup [17] (the proof in [4] is given for locally com-
pact groups but can also be applied also in this case) and the Fourier algebra
ApGq for any locally compact group satisfying χpGq ě κpGq, where χpGq is
the smallest cardinality of an open basis of the identity of G and κpGq is the
smallest cardinality of a compact covering of G ([29], [25] when χpGq “ ω).
To fix our terminology we need to recall a few elementary facts relating
Banach spaces and operators between them. If E1 and E2 are Banach spaces,
we say that E1 has E2 as a quotient if there is a surjective bounded linear
map T : E1 Ñ E2. We say that E2 contains an isomorphic copy of E1
when there is a linear isomorphism of E1 into E2, i.e. when there is a linear
mapping T : E1 Ñ E2 such that for some positive constants K1 and K2,
K1}x} ď }Tx} ď K2}x} for all x P E1.
Definition 2.2. ℓ1pηq-base: Let E be a normed space and η be an infinite
cardinal. A bounded set B “ taα : α ă ηu of cardinality η is an ℓ
1pηq-base
in E, with constant K ą 0, when the inequality
pÿ
n“1
|zn| ď K
›››››
pÿ
n“1
znaαn
›››››
holds for all p P N and for every possible choice of scalars z1, . . . , zp and
elements aα1 , . . . , aαp in B.
Remark 2.3. If B is an ℓ1pηq-base then clearly every c “ pcαqαăη P ℓ
8pηq,
defines a continuous linear functional φc : xBy Ñ C. This is obtained simply
by letting
xφc,
pÿ
n“1
znaαny “
pÿ
n“1
zncαn , for each
pÿ
n“1
znaαn P xBy,
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and noting that
|xφc,
pÿ
n“1
znaαny| “ |
pÿ
n“1
zncαn | ď }c}8
pÿ
n“1
|zn| ď }c}8K}
pÿ
n“1
znaαn}.
Since this linear functional is bounded on xBy, it may be extended to an
element of E˚ by Hahn-Banach Theorem.
Note that }aα} ě
1
K
ą 0 for every element aα P B.
We finally record a standard fact from [29]. Recall that the density char-
acter of a normed space A, denoted by dpAq, is the cardinality of the smallest
norm-dense subset of A.
Lemma 2.4. If E is a normed space with density character dpEq “ η, then
there is a linear isometry of E˚ into ℓ8pηq.
Proof. To see this, let txα : α ă ηu be a norm-dense subset in the unit ball
of E. Define for each ψ P E˚, the function vψ in ℓ
8pηq by vψpαq “ xψ, xαy.
Then
I : E˚ Ñ ℓ8pηq, Ipψq “ vψ,
is a linear isometry of A˚ into ℓ8pηq. 
Corollary 2.5. Let A be a Banach algebra and η be an infinite cardinal
number. If A˚{WAPpAq has ℓ8pηq as a quotient and ℓ8pηq contains an
isomorphic copy of A˚ (for instance, when η “ dpAq), then A is enAr.
3. Triangles and weakly almost periodic functionals
Our objective in this section is to set natural conditions under which a
general Banach algebra is enAr. The concept of triangle in a directed set,
adapted from [6, Defintion 2.1], will be essential in this process.
By a directed set, it is always meant a set Λ together with a preorder
ĺ with the additional property that every pair of elements has an upper
bound. We will use a single letter, Λ usually, to denote a directed set, the
existence of ĺ is implicitly assumed.
Definition 3.1. Let pΛ,ĺq be a directed set and let Λ1,Λ2 be two cofinal
subsets of Λ. If U is a subset of Λ1 ˆ Λ2, we say that
(i) U is vertically cofinal, when for every α P Λ1, there exists βα P Λ2
such that pα, βq P U for every β P Λ2, β ľ βα.
(ii) U is horizontally cofinal, when for every β P Λ2, there exists αβ P Λ1
such that pα, βq P U for every α P Λ1, α ľ αβ.
Definition 3.2. Let U and X be two sets. We say that
(i) X is indexed by U , when there exists a surjective map x : U Ñ X.
When U Ă Λ ˆ Λ, for some other set Λ, we say that X is double-
indexed by U and write X “ txαβ : pα, βq P Uu, where xαβ “
xpα, βq.
(ii) If X is double-indexed by U , we say it is vertically injective if xαβ “
xα1β1 implies β “ β
1 for every pα, βq P U . If xαβ “ xα1β1 implies
α “ α1 for every pα, βq P U , we say that X is horizontally injective.
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Definition 3.3. Let A be a Banach algebra, pΛ,ĺq be a directed set and
Λ1,Λ2 be two cofinal subsets of Λ. Consider two subsets, A and B, of A
indexed, respectively, by Λ1 and Λ2, i.e.,
A “ taα : α P Λ1u and B “ tbα : α P Λ2u .
(i) The sets
T uAB “ taαbβ : pα, βq P Λ1 ˆ Λ2, α ă βu and
T lAB “ taαbβ : pα, βq P Λ1 ˆ Λ2, β ă αu
are called, respectively, the upper and lower triangles defined by A
and B.
(ii) A set X Ď A is said to approximate segments in T uAB , if there exists
a horizontally cofinal set U in Λ1 ˆΛ2 so that X is double-indexed
as X “ txαβ : pα, βq P Uu, and for each α P Λ,
lim
β
}xαβ ´ aαbβ} “ 0.
Note that, by considering an appropiate subset of X we can assume
that pα, βq P U implies β ą α.
(iii) A set X Ď A is said to approximate segments in T lAB , if there exists
a vertically cofinal set U in Λ1 ˆΛ2 so that X is double-indexed as
X “ txαβ : pα, βq P Uu, and for each β P Λ,
lim
α
}xαβ ´ aαbβ} “ 0.
As before, we can assume here thatpα, βq P U implies α ą β.
In Theorem 3.9, the key theorem of the paper, we need to be able to
partition a directed set of cardinality η into as many cofinal subsets. This
is easily done when the cardinality is countable but may not be possible
for general directed sets. We will use the following definition and Theorem,
due to van Douwen to delimitate the pathological situations that will not
be pertinent to our applications.
Definition 3.4. Let Λ be a directed set and for every ξ P Λ, define ξ` “
tα P Λ: ξ ă αu. We define the true cardinality of Λ as tr |Λ| “ minξPΛ |ξ
`|.
Lemma 3.5 (van Douwen, Lemma of [12]). If Λ is a directed set, then Λ
admits a pairwise disjoint collection of tr |Λ|-many cofinal subsets of Λ each
having true cardinality |Λ|.
Remarks 3.6. In [12], Lemma 3.5 only states that each of the disjoint
cofinal sets have cardinality |Λ| but its proof also shows that they actually
have true cardinality |Λ|.
The case when the set Λ is countable does not need the generality of van
Douwen’s lemma. One only needs to know that in this case the set may
be partitioned into infinitely many infinite sets. This will be the case in
Theorems 4.4, 5.4, 5.6 and 5.7.
In our application to the algebras in harmonic analysis, our set Λ will be
the initial ordinal associated to the cardinal χpGq, the smallest cardinality
of an open basis of the identity e of G, or κpGq, the smallest cardinality of a
compact covering of G, see e.g., Theorem 5.5. In both situations, |ξ`| “ Λ
for each ξ P Λ and so tr|Λ| “ |Λ|.
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This way of partitioning has also come up in some of our previous papers
(see for example [4] and [15]). In these works the directed set Λ consisted
of a compact cover tKα : α ă κpGqu of G with cardinality κpGq or of a
neighbourhood base at the identity tUα : α ă χpGqu with cardinality χpGq,
both directed by set inclusion with Kα ĺ Kβ if and only if Kα Ď Kβ, and
Uα ĺ Uβ if and only if Uα Ě Uβ . In each case, the minimality of χpGq and
κpGq proves that tr|Λ| “ Λ.
Before proving our main theorem, we recall a definition and a fact ob-
tained in [13] that help to simplify the remaining proofs.
Definition 3.7. Let T : E1 Ñ E2 be a linear map between Banach spaces.
If F is a closed subspace of E2, we say that T is preserved by F when there
is c ą 0 such that the following property holds:
}Tξ ´ φ} ě c}ξ}, for all φ P F and ξ P E1.
The following elementary fact is proved in [13, Lemma 2.2] for isometries.
Its proof is easily adapted to this case.
Lemma 3.8. Let T : E1 Ñ E2 be a linear isomorphism of the Banach spaces
E1 into E2 and let D, F be closed linear subspaces of E2 with D Ď F . Denote
by Q : E2 Ñ E2{D the quotient map. If T is preserved by F , then the map
Q ˝ T : E1 Ñ E2{D is a linear isomorphism.
Theorem 3.9. Let A be a Banach algebra and η an infinite cardinal num-
ber. Suppose that A contains two bounded subsets A and B indexed, respec-
tively, by two cofinal subsets Λ1 and Λ2 of a common directed set pΛ,ĺq with
tr |Λ1| “ tr |Λ2| “ η. Suppose as well that A contains two other disjoint sets
X1 and X2 with the following properties:
(i) X “ X1 YX2 is an ℓ
1pηq-base in A with constant K ą 0 contained
in the ball of radius M ą 0.
(ii) X1 and X2 approximate segments in T
u
AB and T
l
AB, respectively.
(iii) Either X1 is vertically injective and X2 is horizontally injective or
vice versa.
Then there is a linear isomorphism J : ℓ8pηq Ñ
xXy˚
WAPpAq
ˇˇ
xXy
. In particular,
A is non-Arens regular.
Proof. Put A “ taα : α P Λ1u and B “ tbβ : β P Λ2u. Let in addition
X1 “ txαβ : pα, βq P U1u and X2 “ txαβ : pα, βq P U2u
be the enumerations of X1 and X2 satisfying, respectively, Conditions (ii)
and (iii) in Definition 3.3, where U1,U2 are, respectively, vertically cofinal
and horizontally cofinal subsets of Λ1ˆΛ2 such that pα, βq P U1 implies β ą α
and pα, βq P U2 implies α ą β. We assume that X1 is vertically injective
and X2 is horizontally injective. The proof in the other case proceeds with
straightforward modifications.
We first use Lemma 3.5 to partition Λj “
Ť
λăη Iλ,j , j “ 1, 2 in η-many
cofinal subsets, with tr|Iλ,j| “ η, for every λ ă η and j “ 1, 2.
Now, for each c P ℓ8pηq we define ψc : X1 YX2 Ñ C by:
xψc, xαβy “
"
cpλq, if pα, βq P U1 and β P Iλ,2,
´cpλq, if pα, βq P U2 and α P Iλ,1.
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We first observe that ψc is a well-defined bounded function. It could happen
that xαβ “ xα1β1 but, in case xαβ P X1, vertical injectivity would then imply
that β “ β1 and thus that ψcpxαβq “ ψcpxα1β1q. The same argument applies
when xαβ P X2.
Since X1 YX2 is an ℓ
1pηq-base, this map can be extended by linearity to
a bounded linear functional ψc P xXy
˚.
We next check that the linear map I : ℓ8pηq Ñ xXy˚ given by Ipcq “
ψc is a linear isomorphism preserved (in the sense of Definition 3.7) by
WAPpAq
ˇˇ
xXy
. We first observe that
(3.1) }Ipcq}
xXy˚
ď K}c}8.
Let now c P ℓ8pηq and f P WAPpAq be given.
Fix λ ă η and ε ą 0.
Since A and B are bounded, we may assume (using that f P WAPpAq
and that bounded sets of A are relatively weak˚-compact in A˚˚), that there
are refinements Λ1
1
and Λ1
2
of, respectively, Iλ,1 and Iλ,2, such that
(3.2) lim
αPΛ1
1
lim
βPΛ1
2
fpaαbβq “ lim
βPΛ1
2
lim
αPΛ1
1
fpaαbβq.
Using that X2 approximates T
l
AB , for every β P Λ
1
2
we can find αβ P Λ
1
1
with
αβ ľ β (recall that Λ
1
1
is cofinal in Λ) such that, whenever α P Λ1
1
, α ľ αβ :
}xαβ ´ aαbβ} ă ε andˇˇ
f paαbβq ´ lim
α
fpaαbβq
ˇˇ
ă ε.
We can find in the same way for every α P Λ11, βα P Λ
1
2 with βα ľ α such
that, whenever β P Λ12, β ľ βα:
}xαβ ´ aαbβ} ă ε andˇˇ
f paαbβq ´ lim
β
fpaαbβq
ˇˇ
ă ε.
Now, these last inequalities, together with equality (3.2), allow us to find
α P Λ11, β P Λ
1
2 large enough forˇˇ
f
`
aαβbβ
˘
´ f paαbβαq
ˇˇ
ă 4ε
and this implies that
(3.3)
ˇˇ
f
`
xαββq ´ fpxαβα
˘ˇˇ
ď 2}f}ε` 4ε.
Then›››Ipcq ´ f ˇˇxXy›››
xXy˚
“
›››ψc ´ f ˇˇxXy›››
xXy˚
ě
1
2M
`ˇˇ
ψcpxαβ βq ´ fpxαβ βq
ˇˇ
`
ˇˇ
ψcpxαβαq ´ fpxαβαq
ˇˇ˘
ě
1
2M
ˇˇ
ψcpxαβ βq ´ fpxαβ βq ´ ψcpxαβαq ` fpxαβαq
ˇˇ
ě
1
2M
ˇˇ
ψcpxαβ βq ´ ψcpxαβαq
ˇˇ
´
1
2M
ˇˇ
fpxαβ βq ´ fpxαβαq
ˇˇ
ě
1
M
ˇˇ
cpλq
ˇˇ
´
}f}
M
ε´
2
M
ε,
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where for the last inequality we have used (3.3) and that ψcpxαβ βq “ ´cpλq
and ψcpxαβ βq “ cpλq. We conclude therefore that›››Ipcq ´ f ˇˇxXy›››
xXy˚
ě
1
M
}c}8, for every c P ℓ
8pηq and every f P WAPpAq.
This and (3.1) show that I is a linear isomorphism preserved byWAPpAq
ˇˇ
xXy
.
It thus induces, by Lemma 3.8, a linear isomorphism J : ℓ8pηq Ñ
xXy˚
WAPpAq
ˇˇ
xXy
.
The proof is complete. 
Corollary 3.10. If the hypothesis of Theorem 3.9 are satisfied, then there
is a bounded linear linear map of A˚{WAPpAq onto ℓ8pηq. If, in addition,
dpAq ď η, then A is enAr.
Proof. The isomorphism of Theorem 3.9 and the injectivity of ℓ8pηq as a
Banach space (see for example [1, Proposition 2.5.2]), give a linear surjective
map S : xXy˚{WAPpAq
ˇˇ
xXy
Ñ ℓ8pηq and the restriction map A˚ Ñ xXy˚
induces a surjective bounded linear map R :
A˚
WAPpAq
Ñ
xXy˚
WAPpAq
ˇˇ
xXy
.
The composition of S with R shows that A˚{WAPpAq has ℓ8pηq as a
quotient.
Corollary 2.5 proves then the last statement. 
4. Algebras with bai’s and algebras with TI’s
Our first application of Theorem 3.9 involves bounded approximate iden-
tities. In particular, we obtain an improvement of the main result of U¨lger’s
inspiring paper [40], see Theorem 4.4.
Definition 4.1. Let A be a Banach algebra. We say that a bounded net
teα : α P Λu is a bounded approximate identity (bai for short) if
lim
α
}aeα ´ a} “ lim
α
}eαa´ a} “ 0 for each a P A.
We now see that bai’s induce sets that approximate triangles.
Theorem 4.2. Let A be a Banach algebra, which contains a bai taα : α P Λu
of true cardinality η which is an ℓ1pηq-base.
(i) Then there is a linear bounded map of A˚{WAPpAq onto ℓ8pηq.
(ii) In particular, A is non-Arens regular.
(iii) If in addition dpAq ď η, then A is enAr.
Proof. By Lemma 3.5 we can assume that Λ “ Λ1 Y Λ2 with Λ1 X Λ2 “ ∅
and with both subsets Λ1 and Λ2 cofinal in Λ of true cardinality η. Put
A “ taα : α P Λ1u and B “ taα : α P Λ2u. For each α P Λ1 and β P Λ2 with
α ĺ β, define xαβ “ aα. For each α P Λ1 and β P Λ2 with β ĺ α, define
xαβ “ aβ. Then the sets
X1 “ txαβ : α P Λ1, β P Λ2, β ą αu and X2 “ txαβ : α P Λ1, β P Λ2, α ą βu
approximate segments in T uAB and T
l
AB , respectively. To see this we observe
that, for a given α P Λ1, we can find βα P Λ2 with βα ľ α, and so the
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approximate identity property yields
0 “ lim
β
}aα ´ aαaβ} “ lim
βPΛ2
βľβα
}aα ´ aαaβ} “ lim
βPΛ2
}xαβ ´ aαaβ}.
A similar observation shows that, for each β P Λ2,
lim
αPΛ1
}xαβ ´ aαaβ} “ 0.
The two first conditions of Theorem 3.9 are then satisfied.
Since aα ‰ aα1 when α ‰ α
1, X1 is horizontally injective and X2 is
vertically injective, and so Condition (iii) of Theorem 3.9 holds also. The
theorem then follows from Corollary 3.10. 
The proof of next lemma is modelled on [40, Lemma 3.2] and the proof
of [40, Theorem 3.3]. Since we are assuming neither Arens regularity nor
weak sequential completeness of the algebra, as done in [40], a full proof is
provided.
Lemma 4.3. Let A be a infinite dimensional Banach algebra with a bai
and a separable subspace S. Then A contains a separable closed subalgebra
containing S and a sequential bai. If A is non-unital, then this subalgebra
can be chosen also non-unital.
Proof. The first part of the lemma is proved in [40, Lemma 3.2]. As done
there, denote this subalgebra by B1 and the sequential bai in B1 by panq. If
B1 is non-unital, then the second part of the claim follows too. Otherwise,
let e1 be the unit in B1 and note that e1 is the norm limit of panq (since
limn }an´ e1} “ limn }ane1´ e1} “ 0), and so }e1} is bounded by the bound
of panq. Since A is non-unital, we may pick x1 P AzB1 such that x1e1 ‰ x1
or e1x1 ‰ x1, and consider the set tx1u Y B1. Then again by [40, Lemma
3.2], this set is contained in a separable closed subalgebra B2 which has a
sequential bai. If B2 is non-unital, we are done. Otherwise, we let e2 be the
unit in B2 and note that e2 ‰ e1. Then pick x2 P AzB2 such that x2e2 ‰ x2
or e2x2 ‰ x2, consider the set tx2, e2u Y B1, and repeat the process. If
the subalgebras keep being unital at every stage, we obtain a sequence of
distinct idempotents penq in A bounded by the bound of the original bai and
satisfying
enem “ emen “ emintn,mu for every n,m P N.
Note that this implies that the idempotents en, n P N, are linearly inde-
pendent. Let now B be the closed linear span of ten : n P Nu Y B1. Since
ben “ enb “ b for every b P B1 and n P N, B is a subalgebra of A. Moreover,
if x is in the linear span of ten : n P Nu Y B1, then x “ b `
řm
i“1 ciei for
some b P B1 and some m P N, and
xen “ enx “ x for every n ě m,
which implies that penq is a bai for B.
Suppose finally that the subalgebra B has a unit e, say. Then, penq being
a bai would converge in norm to the unit e. But this is not possible, since
e´ en being an idempotent makes }e´ en} ě 1 for every n P N. Therefore,
the subalgebra B cannot have a unit, as required for our claim. 
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Statement (ii) in the following theorem was proved in [40, Theorem 3.3].
Theorem 4.4. Let A be a Banach algebra that contains a Banach algebra
B, which is non-unital, weakly sequentially complete and has a bai.
(i) There is a linear bounded map from the quotient space A˚{WAPpAq
onto ℓ8.
(ii) In particular, A is non-Arens regular.
(iii) If A is, in addition, separable, then A is enAr.
Proof. By Lemma 4.3, thee is a separable non-unital subalgebra B1 of B
which admits a sequential bai txn : n P Nu. This sequence cannot have any
weak Cauchy subsequence because, otherwise, its weak limit e P B˚˚1 would
be the unit in B1. This latter fact is checked by observing that, since B1 is
weakly sequentially complete, e P B1 and
lim
n
xxna, fy “ lim
n
xxn, afy “ xe, afy “ xea, fy and
lim
n
xaxn, fy “ lim
n
xxn, fay “ xae, fy,
for any a P B1 and f P B
˚
1 . This implies that limn xna “ ea and limn axn “
ae weakly. Since, on the other hand, txn : n P Nu being a bai implies that
limn xna “ a and limn axn “ a in norm, hence weakly, we conclude that
ea “ ae “ a, for every a P B1, what makes B1 unital.
Not having any weak Cauchy subsequences, the sequence txn : n P Nu
must have a subsequence txnpkq : k P Nu that is an ℓ
1-base in B, by Rosen-
thal’s ℓ1-theorem (see [38, Theorem 1]). Since txnpkq : k P Nu is a bai in A,
the rest of the proof follows from Theorem 4.2.

The second application of Theorem 3.9 involves (weak) TI-nets.
Definition 4.5. In a Banach algebra A, a bounded net taα : α P Λu is a
weak TI-net if
lim
α
}aαaβ ´ aα} “ lim
α
}aβaα ´ aα} “ 0 for each β P Λ.
If A˚ is a von Neumann algebra and we require that limα }aαa ´ aα} “
0 for every normal state a of A˚, and not only for members of the net
itself, then we obtain the familiar concept of a TI-net. Here TI stands for
topological invariance, the term was introduced by Chou [5] and is related to
the notions of famille moyennante of Lust-Picard [35] and of nets converging
to invariance of Day [10], as stated by Greenleaf [26].
Theorem 4.6. Let A be a Banach algebra, η be an infinite cardinal number
and suppose that A contains a weak TI-net of true cardinality η, which is
an ℓ1pηq-base.
(i) Then, there is a linear bounded map of A˚{WAPpAq onto ℓ8pηq.
(ii) In particular, A is non-Arens regular.
(iii) If in addition dpAq “ η, then A is enAr.
Proof. Let taα : α P Λu be a weak TI-net in A. As with the bai’s in Theorem
4.2, weak TI-nets also approximate segments in the upper and lower triangles
defined by them. If one takes a partition of Λ, Λ “ Λ1 Y Λ2, with both Λ1
and Λ2 cofinal and of true cardinality η, the only difference with the proof
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of Theorem 4.2 is that we now define xαβ “ aβ when α ĺ β and xαβ “ aα
when β ĺ α. As before, the sets
X1 “ txαβ : α P Λ1, β P Λ2, α ă βu and X2 “ txαβ : α P Λ1, β P Λ2, β ă αu
can be used again to approximate segments in T uAB and T
l
AB , respectively.
Since aα ‰ aα1 when α ‰ α
1, X1 is horizontally injective and X2 is vertically
injective. The proof of this theorem then runs exactly along the same lines
as that of Theorem 4.2. 
5. Algebras in harmonic analysis
As already observed in [40], most (if not all) of the known cases of non-
Arens regular Banach algebra follow from Statement (ii) of Theorem 4.2.
For an infinite locally compact group, the list includes the group algebra
L1pGq [41], the weighted group algebra L1pG,wq (for any weight when G is
either non-discrete or discrete and uncountable and for diagonally bounded
weights when G is discrete and countable [8]) and the Fourier algebra ApGq
(when G is either non-discrete or is a discrete group containing an infinite
amenable subgroup, [32] and [18]). The list includes also the semigroup
algebra ℓ1pSq for cancellative semigroups and in general the weighted semi-
group algebra ℓ1pS,wq whenever the weight w is diagonally bounded on an
infinite subset of S (see [8] and [3]). Since these algebras have bounded
approximate identities and are preduals of von Neumann algebras (they are
therefore weakly sequentially complete) Theorem 4.4 can be applied to all
of them. In fact, with preduals of von Neumann algebras an alternative
approach is possible. We intend to address it in a forthcoming paper [14].
In the rest of the paper, we focus on three other important algebras defined
in harmonic analysis, the 1-Segal Fourier algebra S1ApGq, the Lebesgue-
Fourier algebra LApGq and the Figa`-Talamanca Herz algebra AppGq.
The 1-Segal Fourier algebra and the Lebesgue-Fourier algebra. Both
algebras are built on the same Banach space, L1pGq X ApGq with norm
}f}S “ }f}1`}f}ApGq. With convolution product as multiplication, this Ba-
nach space is made into a Banach algebra, known as the Lebesgue-Fourier
algebra and denoted by LApGq. It is a Segal algebra with respect to L1pGq,
see [21, Proposition 2.2].
If pointwise product is used another Banach algebra is obtained. Borrow-
ing the terminology from [20], we shall refer to this algebra as the 1-Segal
Fourier algebra and denote it by S1ApGq. As shown in [21, Proposition 2.5]
S1ApGq is a Segal algebra with respect to ApGq. Note that in this latter
reference both the 1-Segal Fourier algebra and the Lebesgue-Fourier algebra
are referred to as the Lebesgue-Fourier algebra and denoted by LApGq.
The other algebra we will be concerned with will be the Figa`-Talamanca
Herz algebra AppGq, where 1 ă p ă 8, is the algebra of all functions
u P C0pGq which have a series expansion
u “
8ÿ
i“1
gi ˚ fˇi, fi P L
ppGq, gi P L
qpGq, p1{p ` 1{q “ 1q
ENARITY OF BANACH ALGEBRAS 13
(where fˇpxq “ fpx´1q) with the property that
ř8
i“1 }fi}p}gi}q ă 8. The
norm in AppGq is then given by
}u}AppGq “ inf
#
8ÿ
i“1
}fi}p}gi}q : u “
8ÿ
i“1
gi ˚ fˇi, fi P L
ppGq, gi P L
qpGq
+
.
Regarding the group algebra L1pGq as an algebra of convolution operators on
LppGq, its closure with respect to the weak operator topology in BpLppGqq
(the bounded operators on LppGq) is PMppGq, the so-called space of p-
pseudo-measures on G. PMppGq may be identified with the Banach dual of
AppGq. When p “ 2, A2pGq is the Fourier algebra ApGq of G and PM2pGq
is the group von Neumann algebra V NpGq of G.
Although it is not known whether the algebra AppGq is weakly sequentially
complete in general, Forrest managed to prove that AppGq is non-Arens
regular when G is non-discrete, see [18, Theorem 3.2]. The key in the proof
is, however, still weak sequential completeness, in this case of the subalgebra
AEp pGq of AppGq for compact subsets E Ď G (see [24, Lemma 18] or the
proof of Theorem 5.4 for the definition). Based on this remarkable result of
Granirer, we shall improve Forrest’s theorem in Theorem 5.5. We rely on
weak TI-sequences to see that the quotient space PMppGq{WAPpAppGqq is
non-separable, and in particular, AppGq is enAr when G is second countable
and non-discrete.
Non-discreteness of G is essential for the existence of weak TI-sequences
and for the definition of the weakly sequentially complete subalgebra AEp pGq
of AppGq. If G is discrete (and infinite), the first difficulty can be overcome if
G is an amenable group, for weak TI-sequences can be replaced by bounded
approximate identities, always available in this case [28]. For the second
difficulty, that only arises when p ‰ 2, we will have to content ourselves to
argue as in [18, Proposition 3.5] assuming that AppGq is weakly sequentially
complete (or AppHq for a subgroup H of G). It remains an open prob-
lem whether, for p ‰ 2, AppGq contains a non-trivial weakly sequentially
complete subalgebra when G is discrete.
5.1. A ’canonical’ TI-net for convolutions. We construct here a weak
TI-net that works both in S1ApGq and in AppGq, for any non-discrete locally
compact group
We start with an elementary fact which makes clear that a neighbourhood
base with the properties required in the subsequent Lemma 5.2 is always
available.
Lemma 5.1. Let G be a locally compact group and U a relatively compact
neighbourhood of the identity. Then, there is another neighbourhood of the
identity V with V Ď U and λGpUq ď 2λGpV q, where λG denotes the left
Haar measure on G.
Proof. By regularity we can find K Ď U , compact, with 2λGpKq ě λGpUq.
Apply [27, Theorem 4.10] to find a neighbourhood W1 of the identity such
that KW1 Ď U . If W2 is another neighbourhood of the identity with W2 Ď
W1, then V “ KW2 is the required neighbourhood. 
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Lemma 5.2. Let tUα : α P Λu be a base at the identity e made of relatively
compact symmetric open sets, such that for some M ą 0, λGpUαq ď M for
every α P Λ. Let Λ be directed by set inclusion β ľ α if and only if Uβ Ď Uα.
Choose for each α P Λ, a neighbourhood Vα of the identity with Vα Ď Uα
and λGpUαq ď 2λGpVαq. Define, for each α P Λ,
ϕα “
1
λGpVαq
1Uα ˚ 1Vα .
Then tϕα : α P Λu is a weak TI-net in both algebras AppGq and S
1ApGq.
Proof. It is clear that the net pϕαq belongs to both algebras AppGq and
S1ApGq. To see that this net in bounded in both norms we check that on
the one hand
}ϕα}AppGq ď
1
λGpVαq
}1Uα}p}1Vα}q
ď
1
λGpVαq
λGpUαq
1{pλGpVαq
1{q
ď
1
λGpVαq
`
2λGpVαq
˘1{p
λGpVαq
1{q “ 21{p.
And then we observe that
}ϕα}1 “
1
λGpVαq
}1Uα ˚ 1Vα}1 “
1
λGpVαq
λGpVαqλGpUαq “ λGpUαq ďM.
In particular, for p “ 2, this yields }ϕα}S ďM ` 2 for every α P Λ.
As to the weak TI-net property, for each α P Λ we choose βpαq P Λ such
that
U2βpαqVα Ď Uα
(one may apply [27, Theorem 4.10] for this).
Let now γ ľ βpαq. Then VγUγ Ď U
2
βpαq, so that when s P VγUγ , we have
sVα Ď U
2
βpαqVα Ď Uα,
and so 1Uα ˚ 1Vαpsq “ λGpUα X sVαq “ λGpVαq. Hence
ϕγpsqϕαpsq “ ϕγpsq if s P VγUγ .
Since, obviously, ϕγpsqϕαpsq “ ϕγpsq “ 0, if s R VγUγ , we conclude that
ϕγϕα “ ϕγ whenever γ ľ βpαq. The net is therefore a weak TI-net in both
norms. 
5.2. The 1-Segal Fourier algebras S1ApGq. We first need a technical
lemma.
Lemma 5.3. Every non-discrete locally compact group possesses a sequence
tUn : n P Nu of neighbourhoods of the identity such that U “
Ş
năw
Un has an
empty interior.
Proof. We provide two different proofs for the lemma. Since G is not discrete
λGpteuq “ 0. By regularity of λG, there is for each n P N, a neighbourhood
of the identity Un such that λGpUnq ď 1{n. If U “
Ş
năw
Un, it follows that
λGpUq “ 0 and, therefore, U has empty interior.
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We can also give a lower level proof of this Lemma without invoking Haar
measure.
Let N be a countably infinite, relatively compact subset of G, such that
e is a limit point of N , i.e., such that e P Nzteu. To find such N it is
enough to recall that compact sets are limit point compact, if we start
with any countable relatively compact set M and a limit point p of M ,
N “ p´1 pMztpuq will have the identity as a limit point.
Enumerate Nzteu “ txn : n P Nu and define, for each n P N, Wn “
Gztx1, . . . xnu. Noting that Wn is a neighbourhood of the identity, one
can pick another symmetric neighbourhood of the identity, Un, such that
U2n ĎWn. Suppose we can find x P int p
Ş
n Unq. Then
e P x´1int
˜č
n
Un
¸
Ď
č
n
U2n Ď
č
n
Wn.
But this goes against our choice of N , for, in that case, e would be an interior
point of
Ş
nWn “ Gz pNzteuq. 
Statement (ii) of the following theorem was proved in [21, Theorem 5.2].
Theorem 5.4. Let G be a non-discrete, locally compact group.
(i) Then the quotient space S1ApGq˚{WAPpS1ApGqq has ℓ8 as a quo-
tient.
(ii) In particular, S1ApGq is not Arens regular.
(iii) S1ApGq is enAr when G is second countable.
Proof. Let tUn : n ă wu be one of the collections of relatively compact
symmetric neighbourhoods of the identity e in G such that
Ş
năw
Un has an
empty interior that Lemma 5.3 provides.
Define then a decreasing sequence of relatively compact neighbourhoods
of the identity Vn such that V
2
n Ď Un. Apply Lemma 5.1 to find a neigh-
bourhood Wn of the identity with Wn Ď Vn and λGpVnq ď 2λGpWnq.
If ϕn “
1
λGpWnq
1Vn ˚ 1Wn , we know from Lemma 5.2 that tϕn : n P Nu
is a weak TI-net in S1ApGq. Suppose that tϕnpkq : k ă wu is a weak
σpS1ApGq, S1ApGq˚q-Cauchy subsequence of tϕn : n ă wu. This subse-
quence would also be σpApGq, ApGq˚q-Cauchy and weak sequential com-
pleteness of ApGq would imply that there is ψ P ApGq with ψ “ limk ϕnpkq
in the σpApGq, ApGq˚q-topology. Observing that ϕnpxq “ 0 if x R V
2
n one
easily deduces that ψpxq “ 0, if x R
Ş
năw
V 2n , which goes against ψ being
continuous, int
ˆ Ş
năw
Un
˙
being empty and ψpeq “ limk ϕnpkqpeq “ 1.
We deduce that tϕn : n P Nu does not admit any σpS
1ApGq, S1ApGq˚q-
Cauchy subsequence. By Rosenthal’s ℓ1-theorem (see [38, Theorem 1]),
tϕn : n P Nu must then contain a subsequence which is an ℓ
1-base. With
this subsequence being also a weak TI-net, it only remains to apply Theorem
4.6 to deduce Statement (i). The second statement is now straightforward.
For Statement (iii), use the fact that dpS1ApGqq “ ω when G is second
countable. 
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5.3. The Lebesgue-Fourier algebra LApGq. The algebra LApGq is Arens-
regular if and only if G is compact. This was proved in [22, Theorem 5.1] for
unimodular groups. Later on, LApGq was proved to be non-Arens regular
whenever G is not unimodular see [20, Corollary 3.6].
The theorem in this section proves that the Lebesgue-Fourier algebra is
not only non-Arens regular, but extremely so, for any non-compact locally
compact group.
As usual, κpGq will be the minimal number of compact sets required to
cover G and χpGq the minimal cardinality of an open base at the identity e
of G.
Theorem 5.5. Let G be a non-compact, locally compact group and assume
that LApGq is equipped with convolution product.
(i) Then the quotient space LApGq˚{WAPpLApGqq has ℓ8pκpGqq as a
quotient.
(ii) In particular, LApGq is not Arens regular.
(iii) If κpGq ě χpGq, then LApGq is enAr.
Proof. Without loss of generality we can assume that G contains two normal
subgroups H ď N such that N{H is unimodular and κpN{Hq “ κpGq. The
choices of N and H depend on the size of ker∆G, the kernel of the modular
function. If κpker ∆Gq “ κpGq, one takes N “ ker∆G and H “ teu; if
κpG{ ker ∆Gq “ κpGq and ker∆G is not compact, one takes N “ G and
H “ ker∆G and if κpG{ ker ∆Gq “ κpGq and ker∆G is compact, one takes
N “ G and H “ teu. The latter choice is possible because, when ker∆G
is compact, G is an SIN group (as the extension of a compact group by an
Abelian one) and hence unimodular.
Let κ be the initial ordinal associated to the cardinal κpGq “ κpG{Hq “
κpN{Hq with its natural order.
Fix an open relatively compact symmetric neighbourhood U of the iden-
tity in G{H such that λG{HpUq ď 1. Since the unimodular function ∆G{H
is a continuous homomorphism into the multiplicative group R` and U is
compact, there is a real number M ě 1 such that
(5.1)
1
M
ď ∆G{H ptq ďM, for all t P U.
Choose next a compact symmetric neighbourhood K of the identity of G{H
such that
(5.2) λG{HpKqλG{HpUq ěM.
Take now any compact covering of G{H of cardinality κ. Since every
member of this covering is covered by a finite union of open sets, we may
extract a covering pKαqαăκ of G{H made of relatively compact symmetric
open subsets. Form then an increasing covering of G{H made of symmetric
open sets by writing inductively
V0 “ KU
2K and Vα “
ď
γăα
Kγ .
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Since N{H cannot be covered by fewer than κ compact subsets, it is
possible to form inductively a set txα : α ă κu in N{H such that
pVαxαVαq
č
pVβxβVβq “ ∅ for every α ă β ă κ.
Consider, for each α ă κ, the following functions ϕα, ψα P LApG{Hq
ϕα “ 1xαK ˚ 1U and ψα “ 1U ˚ 1Kxα.
Claim 1: For α, β ă κ, the LApGq-norm of the functions ϕα˚ψβ satisfies
the inequalities:
1 ď }ϕα ˚ ψβ}LApGq ď p1`Mq}ϕα ˚ ψβ}1 “ p1`MqλG{HpKqλG{HpUq.
We first note that
}ϕα}1 “
ż
G{H
ż
G{H
1xαKptq1U pt
´1sq dλG{Hptq dλG{Hpsq
“ λG{HpKqλG{HpUq ěM ě 1.(5.3)
Taking into account that N{H is a unimodular, normal subgroup of G{H,
and so that ∆G{Hpxαq “ 1 for every α ă κ,
}ψα}1 “
ż
G{H
ż
G{H
1Uptq1Kxαpt
´1sq dλG{Hptq dλG{Hpsq “ λG{HpUqλG{HpKxαq
“ λG{HpUqλG{HpKq ěM ě 1.
(5.4)
To obtain a similar estimate for the functions ψˇα, we note that, for any
α P κ,
}ψˇα}1 “
ż
G{H
ż
G{H
1U ptq1Kxαpt
´1s´1q dλG{Hpsq dλG{Hptq
“
ż
G{H
1U ptqλG{H
`
x´1α Kt
´1
˘
dλG{Hptq
“
ż
G{H
1U ptq∆G{H
`
t´1
˘
λG{H pKq dλG{Hptq.
Therefore, using (5.1) and (5.2),
1 ď
1
M
λG{HpKqλG{HpUq ď }ψˇα}1 ďMλG{HpKqλG{HpUq “M}ψα}1.
So,
(5.5) 1 ď }ψˇα}1 ďM}ψα}1 for every α ă κ.
Since, as easily checked, 0 ď ϕα, ψα ď λG{HpUq ď 1 , we can deduce from
(5.3) and (5.5) that
(5.6) }ϕα}2 ď }ϕα}1, }ψˇα}2 ď }ψˇα}1.
Relations (5.5)–(5.6) and the following equality (due again to a simple
application of Fubini’s theorem),
(5.7) }ϕα ˚ ψβ}1 “ }ϕα}1}ψβ}1 for every α, β ă κ,
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yield the non-obvious parts of the following inequalities
1 ď }ϕα ˚ ψβ}LApG{Hq “ }ϕα ˚ ψβ}1 ` }ϕα ˚ ψβ}ApG{Hq
ď }ϕα ˚ ψβ}1 ` }ϕα}2}ψˇβ}2
ď }ϕα ˚ ψβ}1 ` }ϕα}1}ψˇβ}1
ď }ϕα ˚ ψβ}1 `M}ϕα}1}ψβ}1
“ p1`Mq}ϕα ˚ ψβ}1.
Claim 1 is proved.
Claim 2: For each α, β P κ there exist βα P κ and αβ P κ such that
supp pϕα ˚ ψβq Ď xαKU
2Kxβ Ď Vβxβ for every β ą βα, and
supp pϕα ˚ ψβq Ď xαKU
2Kxβ Ď xαVα for every α ą αβ.
It is obvious that supp pϕα ˚ ψβq Ď xαKU
2Kxβ. To prove the other inclu-
sions in the claim one just has to notice that pVγqγăκ is an increasing open
cover of G and that xαKU
2K and KU2Kxβ are compact subsets of G.
Now that Claim 2 is proved, we partition κ into two disjoint cofinal copies
κ1 and κ2, each of true cardinality κpGq, (for this we use Lemma 3.5 and
Remark 3.6). Note also that in this case the cardinality of κ1 and κ2 is κ.
Define then
X1 “ tϕα ˚ ψβ : β P κ2, β ľ βαu and
X2 “ tϕα ˚ ψβ : α P κ1, α ľ αβu.
Claim 3: X1 YX2 is an ℓ
1pκq-base in both L1pG{Hq and LApG{Hq.
Since by Claim 1, X1YX2 is bounded in LApG{Hq, and } ¨ }LApG{Hq ě } ¨ }1,
the set X1YX2 will be an ℓ
1pκq-base in the algebra LApG{Hq as soon as it
is an ℓ1pκq-base in L1pG{Hq.
Now, as seen in (5.3) and (5.4), the functions ϕα and ψα are bounded away
from 0. The identity (5.7) shows that the same is true for the elements of
X1YX2. So, for the functions in X1YX2 to form an ℓ
1pκq-base in L1pG{Hq,
it will be enough that their supports are pairwise disjoint. For two different
pairs pα, βq and pα1, β1q, the following possibilities arise:
Case 1: ϕα ˚ ψβ P X1 and ϕα1 ˚ ψβ1 P X2. In this case, β P κ2
and β ľ βα, while α
1 P κ1 and α
1
ľ α1β. By Claim 2, the supports
of ϕα1 ˚ ψβ1 and ϕα ˚ ψβ, are contained (respectively) in xα1Vα1 and
Vβxβ. Since, by construction, these sets are disjoint, so will be the
supports of ϕα1 ˚ ψβ1 and ϕα ˚ ψβ.
Case 2: Both ϕα ˚ ψβ and ϕα1 ˚ ψβ1 are in X1 and β ‰ β
1. In
this case we have by Claim 2 the supports of ϕα ˚ ψβ and ϕα1 ˚ ψβ1
are contained, respectively, in Vβxβ and Vβ1xβ1 , and these sets are
disjoint by construction.
Case 3: Both ϕα ˚ ψβ and ϕα1 ˚ ψβ1 are in X1 and β “ β
1. Now,
the supports of ϕα ˚ ψβ and ϕα1 ˚ ψβ1 are contained, respectively,
in xαKU
2Kxβ and xα1KU
2Kxβ. These sets are disjoint because
xαKU
2K Ď xαVα and xα1KU
2K Ď xα1Vα1 and xαVα and xα1Vα1
are disjoint, by construction.
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Cases 4 and 5: Both ϕα ˚ ψβ and ϕα1 ˚ψβ1 are in X2, with either
α ‰ α1 or α “ α1. Repeating the arguments of Cases 2 and 3 one
readily sees that the supports of ϕα ˚ ψβ and ϕα1 ˚ ψβ1 are also
disjoint.
We have therefore checked that X1 Y X2 is an ℓ
1pκq-base in LApG{Hq.
Claim 3 is proved.
We proceed now to lift this ℓ1pκq-base to LApGq. Recall from the begin-
ning of the proof that H is either teu or non-compact. Since in case H “ teu,
our ℓ1pκq-base is already in LApGq, we may assume that H is not compact.
To lift the functions in X1 Y X2 to LApGq, we consider the averaging
operator
TH : L
1pGq Ñ L1pG{Hq, THfp
¨
xq “
ż
H
fpxhq dλHphq.
The averaging operator is a quotient operator and a Banach algebra ho-
momorphism, see Section 3.4 of [37]. By [20, Theorem 3.4], when H is
not compact the restriction of TH to LApGq is still a quotient operator
TH : LApGq Ñ L
1pG{Hq. So, for any φ P L1pG{Hq there are k ą 0 and
pφqH P LApGq with TH ppφqHq “ φ such that
1
k
}φ}
L1pG{Hq
ď } pφqH }LApGq ď k}φ}L1pG{Hq ,(5.8)
where we have used the notation } ¨ }
LApGq
instead of } ¨ }
S
to be able to stress
the difference between G and G{H. With the help of this lifting property,
we define the sets
pX1qH “
 
pϕαqH ˚ pψβqH : α P κ1, β P κ2, β ľ βα
(
and
pX2qH “
 
pϕαqH ˚ pψβqH : α P κ1, β P κ2, α ľ αβ
(
.
We know from Claim 3 that X1 YX2 is an ℓ
1-base in both L1pG{Hq and
LApG{Hq. Using that TH is a bounded homomorphism and the inequalities
in (5.8), the ℓ1-property of X1 Y X2 is acquired by pX1qH Y pX2qH . More
precisely, for z1, ..., zp P C, we have that, for some M ą 0,
1
M
pÿ
n“1
|zn| ď
›››››
pÿ
n“1
znpϕn ˚ ψnq
›››››
L1pG{Hq
“
›››››
pÿ
n“1
znTH ppϕnqHq ˚ TH ppψnqHq
›››››
L1pG{Hq
“
›››››TH
˜
pÿ
n“1
znpϕnqH ˚ pψnqH
¸›››››
L1pG{Hq
ď k
›››››
pÿ
n“1
znpϕnqH ˚ pψnqH
›››››
ApGq
,
where the first equality follows from the fact that the summand functions
are part of an ℓ1pκq-base (Claim 3), the third equality from the fact that TH
is an algebra homomorphism and the last inequality from the fact that TH
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is bounded by k as seen in (5.8). The second inequality in (5.8) proves that
pX1qH Y pX2qH is bounded in LApGq.
Therefore, the set pX1qH Y pX2qH is also an ℓ
1pκq-base in LApGq when
H is not compact.
We finally define the sets
A “ tpϕαqH : α P κ1u and B “ tpψαqH : α P κ2u ,
where the functions ϕα and ψα are the ones we got previously in LApG{Hq.
Property (5.8) and Claim 1 imply that A and B are bounded sets in
LApGq, both when H is not compact and when H “ teu. They are indexed
by subsets of κ of true cardinality (and so of cardinality) κpGq and the sets
pX1qH and pX2qH approximate segments in, respectively, T
u
AB and T
l
AB.
Horizontal and vertical injectivity are guaranteed since we have seen that
even the supports of ϕα ˚ψβ and ϕα1 ˚ψβ1 are disjoint when pα, βq ‰ pα
1, β1q.
We have therefore met all the conditions required to apply Corollary 3.10.
The proof is then complete. 
5.4. The Figa`-Talamanca Herz algebras AppGq. Satement (ii) of the
following theorem was proved in [18, Theorem 3.2].
Theorem 5.6. Let G be an infinite, non-discrete, locally compact group.
Then,
(i) the quotient space PMppGq{WAPpAppGqq has ℓ
8 as quotient.
(ii) in particular, AppGq is not Arens regular.
(iii) AppGq is enAr when G is in addition second countable.
Proof. Let tϕn : n ă wu be a weak TI-sequence constructed as in Theorem
5.4 with each ϕn supported in a neighbourhood Un of the identity in such
a way that the sequence tUn : n ă wu is decreasing and
Ş
năw
Un has empty
interior. By [24, Lemma 18],
AU1p pGq “ tϕ P AppGq : suppϕ Ď U1u
is weakly sequentially complete. Replacing weak sequential completeness of
ApGq by weak sequential completeness of AU1p pGq, the argument of Theorem
5.4 now proves that a subsequence of tϕn : n ă wu is both an ℓ
1-base, and
a weak TI-net. All the statements of the present theorem then follow from
Theorem 4.6 as in Theorem 5.4. 
The analog of Statement (ii) of the following theorem was proved in [18,
Proposition 3.5] for H “ G assuming that G is amenable and AppGq is
weakly sequentially complete, and in [19, Theorem 2] only assuming that H
is Abelian. Our method works with any amenable subgroup H with AppHq
weakly sequentially complete.
Theorem 5.7. Let G be a locally compact group with an infinite amenable
open subgroup H such that that AppHq is weakly sequentially complete .
(i) Then each of the quotient spaces PMppHq{WAPpAppHqq
and PMppGq{WAPpAppGqq has ℓ
8 as a quotient.
(ii) In particular, AppHq and AppGq are non-Arens regular.
(iii) If G is, in addition, second countable, then AppHq and AppGq are
enAr.
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Proof. Note first that the trivial extension u ÞÑ
˝
u where
˝
u extends u by mak-
ing it 0 off H, establishes a Banach algebra embedding I : AppHq Ñ AppGq,
[28, Proposition 5]. Hence I˚ : PMppGq Ñ PMppHq is a surjective bounded
linear mapping. Since I is multiplicative, we have that I˚pWAPpAppGqq Ď
WAPpAppHqq and, therefore, I
˚ induces a surjective bounded linear map-
ping rI : PMppGq
WAPpAppGqq
Ñ
PMppHq
WAPpAppHqq
.
Now, since H is amenable, AppHq has a bai (see [28, Theorem 6]). And
since it is assumed to be weakly sequentially complete, we obtain from The-
orem 4.4 a linear bounded map TH from PMppHq{WAPpAppHqq onto ℓ
8. If
TH is composed with rI, a linear bounded map from PMppGq{WAPpAppGqq
onto ℓ8 is obtained.
The second statement is now obvious, and the last statement follows di-
rectly from Lemma 2.4 since dpAppGqq “ w. 
Remark 5.8. In 2008, Losert announced in his lectures [34] that ApGq is not
strongly Arens irregular (sAir) when G is either the compact group SUp3q
or the locally compact group SLp2,Rq. By Theorem 5.5 (this also follows
from [29], [25] or [14]) , ApGq is enAr in each of these cases. So ApGq is a
Banach algebra which is enAr but not sAir for the compact group SUp3q
and the non-compact non-discrete group Slp2,Rq.
Recently, in [33], Losert also proved that A2pGq “ ApGq is not sAir when
G is a discrete group containing the free group Fr with r generators, where
r ě 2. So with Theorem 5.7, we have another example, this time a discrete
group, for which ApGq is enAr but not sAir.
Corollary 5.9. The Fourier algebra ApFrq is enAr but not sAir for every
r ě 2.
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